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Abstract— Model selection is a crucial step in choosing a best 
model from a series of candidate models for data based 
modelling problems. The commonly used Akaike information 
criterion (AIC) and Bayesian information criteria (BIC) may 
not be effective for many real-world modelling problems 
when the true system model structure is unknown and 
therefore not included in the candidate model set. This study 
investigates the model selection issue using AIC, BIC and an 
adjustable prediction error sum of squares (APRESS) for 
nonlinear dynamic predictive modelling. Results from 
simulation and real data modelling case studies show that 
both BIC and APRESS produce good models for nonlinear 
modelling problems. The APRESS works slightly better than 
BIC in achieving a parsimonious representation of the 
studied system. In addition, a model averaging method is 
introduced, which is capable to provide an averaged model 
that is more robust in generalization (i.e. in representing 
future data) than any single model. 

Keywords-model selection; model averaging; nonlinear 
modelling 

I.  INTRODUCTION 

Model selection is a crucial step in data based modelling 
problems. Given a set of data, main analysis objective is 
often to build a number of candidate models and determine 
which of the models best approximates the data. For both 
linear and nonlinear modelling problems, the model 
selection criterion is usually required to be able to select a 
model that 1) fits the data well, 2) consists of model 
variables that can be easily interpreted, 3) involves a 
parsimonious representation, and 4) can be used for 
inference and model prediction [1].  

Of many methods, Akaike information criterion (AIC) 
and Bayesian information criterion (BIC) are the most 
commonly used measures for model selection. AIC was 
first proposed in 1974 [2] and designed to approximately 
estimate the Kullback-Leiber information of a model [3]. 
AIC is calculated for every candidate model and the model 
with the smallest AIC is possibly the best choice to 
approximate the data. Later in 1989, the second-order 
Akaike information criterion (AICc) was developed for 
small sample size data modelling problems [4][5]. For 
some model selection problems, it is necessary to measure 
how much better the best model is when compared with the 
other models. Typically, two AIC measures can be used: 
the delta AIC and the Akaike weights. The delta AIC 
simply calculates the difference between the smallest AIC 
value and AIC values of other candidate models [6]. The 
AIC weight is a value between 0 and 1, and can be 

considered as analogous to the probability that a candidate 
model is the best choice [7]. Over the past few decades, 
AIC has increasingly been used for model selection in a 
wide range of fields, for example, ecology [8], 
phylogenetics [9], etc. Some model averaging techniques 
were also developed based on AIC framework, for 
example, the natural averaging method [7] and full model 
averaging method [10]. Bayesian information criterion 
(BIC), proposed by Schwarz [11], also referred to as the 
Schwarz information criterion, or the Schwarz Bayesian 
information criterion, is another widely used information 
criterion for model selection. Similar to AIC, the value of 
BIC also needs to be calculated for each of candidate 
models and the minimum of BIC values suggests the best 
model [12]. There are also plenty of studies that use BIC as 
model selection criterion for many applications [13][14].  

In fact, AIC and BIC are two very similar information 
criteria. The only difference is that BIC uses a greater 
penalty than AIC, on the increment of model terms. Thus, 
a question raises: which of the two model selection criteria 
is better? Although there are plenty of comparative studies 
supporting both AIC and BIC (see for examples [15]-[17]), 
it is not sensible to simply conclude that one is better than 
another, regardless of the application scenarios. Based on 
the large literature of applications of AIC and BIC 
[8][9][13][14], it is reasonable to believe that the data, 
model type and other aspects of the modelling problems can 
be significantly important determining which of the criteria 
is more suitable.  In fact, previous studies of using AIC and 
BIC for model selection usually focused on linear 
modelling problems or nonlinear modelling problems when 
the model structure or some prior information is known. 
With the assumption that the ‘true’ model is among the 
candidate models, AIC and BIC can usually give good and 
consistent indications for the correct model. However, it 
still lacks evidence that the two criteria also work well for 
complex system identification problems when the “true” 
system model can never be known and any candidate 
models can only give an approximation to the true system 
model in some degree. In these situations, either AIC or 
BIC may fail to select the best model from a specified 
candidate model set. Based on the these considerations, it 
is essential to investigate the model selection issue using 
AIC and BIC for general nonlinear system identification 
problems.  

For many nonlinear system identification and data 
based modelling problems, an effective model selection 
approach is the cross-validation (CV) based criterion [18]. 
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Two commonly used variations of CV are the Leave-One-
Out (LOO), also called Predicted Sum of Squares (PRESS) 
[19][36][37], and generalised cross-validation (GCV) [20]. 
A modified generalised cross-validation criterion, also 
known as adjusted predicted sum of squares (APRESS), 
was proposed in for nonlinear systems identification [21]. 
The main advantage of APRESS is that it can be easily 
implemented and can produce good model selection 
indications in many applications [21][31].  

This study first investigates the performances of three 
model selection criteria (AIC, BIC and APRESS) for 
nonlinear dynamic model identification, and then 
introduces a model averaging approach that help improve 
the model robustness. A simulation example and a real data 
example are used to illustrate the performance of the model 
selection and model averaging methods. The candidate 
models in the two case studies are chosen to be the 
nonlinear autoregressive moving average with exogenous 
input model (NARMAX) [23] structure and are estimated 
by an orthogonal search algorithm [22]. 

The reminder of this paper is organised as follows. In 
Section 2, model selection criteria (AIC, BIC and 
APRESS) are briefly reviewed and applied for model 
selection tasks of the two given examples. In Section 3, 
model averaging approaches are introduced to improve the 
model robustness and performances. The paper is 
concluded in Section 4. 

II. EVALUATION OF MODEL SELECTION PERFORMANCE 

FOR NONLINEAR DYNAMIC MODEL IDENTIFICATION 

This section first briefly reviews three model selection 
criteria (AIC, BIC and APREE), and two case studies are 
carried out to evaluate the performances of these model 
selection criteria.  

A. Model selection with AIC and BIC  

The calculation of AIC and BIC is straightforward. AIC 
is calculated using the number of fitted parameters in the 
model (designated by k)  and the maximum likelihood 
estimate for the model (designated by L), whereas BIC uses 
an extra measure which is the sample size n. AIC and BIC 
can be calculated as [2][11]:   AIC = −2 ln(L) + 2k                         (1) BIC = −2 ln(L) + k ln(n)                   (2) 

Both criteria contain two components: the first one, −2 ln(L),  is the value of the likelihood function, indicating 
the probability of obtaining the data given the model. The 
second component is used to penalize the model when more 
model terms (some time called parameters in statistics) are 
added to the model. Therefore, there is a tradeoff between 
the better fit and the model complexity. It can be noted that 
the only difference between AIC and BIC is that BIC uses 
a greater penalty on the increment of the model parameters. 
Comparing the AIC and BIC values of all the candidate 
models, the model with the minimum of AIC or BIC is 
possibly the ‘best’ model. For least square based regression 
analysis, AIC and BIC can be calculated by using the 
residual sum of squares	(RSS), as [4]:  AIC = n ln + 2k                         (3) 

BIC = n ln + k ln(n)                   (4) 

For small sample size problem, the second-order AIC 
(AICc) is recommended. The AICc is defined as [4]:  AIC = AIC +                              (5) 

For large dataset, AIC  is very close to AIC. Thus, it is 
often considered for data modelling problems of small 
sample size problems. In regular, both AIC and BIC 
decrease when a first few model terms are included in the 
model, as a result of the reduction of prediction error. After 
an enough number of model terms are added, the penalty 
component becomes significant, and therefore the values of 
both criteria start to increase. Thus, the model with a 
minimum AIC or BIC value is then treated to be an optimal 
choice with both good prediction performance as well as 
parsimonious representation of the system.  

B. NARMX model and  APRESS criterion 

The adjustable prediction error sum of squares 
(APRESS) was initially introduced and incorporated to a 
forward orthogonal search procedure [21]. The combined 
method is called the adaptive orthogonal search (AOS) and 
can be used to select significant model terms according to 
an error reduction ratio index (ERR), and estimate model 
parameters simultaneously [22][38]. The orthogonal search 
algorithm, also called orthogonal least squares (OLS) 
algorithm, has been applied to many research scenarios for 
term selection and parameter estimation.  

A wide range of nonlinear systems can be well 
represented using the nonlinear autoregressive moving 
average with exogenous model (NARMAX) model 
structure [23], which can be described as [23]:  y(t) = F y(k − 1), … , y k − n , u(k − 1), … , u(k −n ), e(k − 1), … , e(k − n )                        (8) 

where	y(k) and u(k) are systems output and input signals; 
e(k) is a noise sequence which is with zero-mean and finite 
variance. n , n 	and		n  are the maximum lags for the 
system output, input and noise. F[∙]  is some nonlinear 
function. A polynomial NARX model can be written as the 
following linear-in-the-parameters form:  y(k) = ∑ θ φ (k) + e(k)                 (9) 

where φ (k) = φ (ϑ(k)) are the model terms generated 
from the regressor vector ϑ(k) = [y(k − 1), … , y k −n , u(k − 1), … , u(k − n )]	 , θ  are the unknown 
paramters and M is the number of candidate model terms. 
The NARMAX model and the OLS algorithm have been 
applied to successfully solve a wide range of real world 
problems in various fields including ecological [25], 
environmental [26], geophysical [24][28][29], medical 
[30], societal [31] and neurophysiological [27] sciences. 
The APRESS can be easily calculated in each term 
selection step in OLS algorithm. It is defined as [21]:  APRESS(k) = p(k)MSE(k) = ( , ) MSE(k)(10) 

where MSE(k) is the mean square error of the candidate 
model, C(k, α) = k × α  is a cost function of model 

 



complexity and p(k) is the penalty function. The details 
about the calculation of APRESS in OLS algorithm can be 
found in [21][35]. 

C. A simulation example 

Consider a nonlinear system described by the model 
below:  y(t) = −u(t − 1) |y(t − 1)| + 0.5u (t − 1) +u (t − 2) + y(t − 2)u(t − 1) + ξ(t)     (11) 

where the input u(t)  was assumed to be uniformly 
distributed on [−1, 1], and the noise  ξ(t) was determined 
by:  ξ(t) = w(t) + 0.3w(t − 1) + 0.6w(t − 2)   (12) 

with w(t)  being chosen to be a Gaussian white noise w(t)~N(0, 0.01 ). A total number of 1000 input-output 
data points were generated. The first 500 points were used 
for model estimation and selection and the second 500 
points were used for performance test. A regression vector 
can be defined as:  φ(t) = [y(t − 1), y(t − 2), u(t − 1), u(t − 2)]	   (13)                   

with the maximum time lags of n = n = 2. The initial 
full model was chosen to be a polynomial form described 
by (9) with nonlinear degree of l = 2. There are totally 20 
candidate model terms, including the constant term. It can 
be noted that the model term |y(t − 1)| was not in the 
candidate terms. The orthogonal search algorithm was used 
to select model terms and estimate the model, and the AIC, 
BIC and APRESS were used to evaluate all the candidate 
models. The AIC, BIC and APRESS statistics with 
different model lengths were calculated and shown in Fig 
1. 

 
Figure 1. AIC, BIC and APRESS statistics with different model 

length 

Some statistical evaluations of the models suggested by 
AIC, BIC and APRESS are shown in Table I, where the 
‘best’ models suggested by the smallest AIC, BIC and 
APRESS were represented by Model , 	Model  and Model , respectively. The three models were 
evaluated using the correlation coefficient (r) , predict 
efficiency (PE)  and normalized root mean square error (NRMSE) of model predicted output (MPO). The notation 
‘length’ represents the number of the terms included in each 
model.   

It can be seen that the number of model terms suggested 
by AIC and BIC is much larger than that in the true model. 
Compared with AIC and BIC, the APRESS suggests a 
better choice of 6 model terms, which is smaller than that 
suggested by AIC and BIC. Also, the model suggested by 

 

TABLE I.  EVALUATION OF MODELS SELECTED BY AIC, BIC AND 
APRESS  

Model length r PE NRMSE Model_AIC 9 0.6050	 0.3645	 0.1157Model_BIC 8 0.6056	 0.3654	 0.1162Model_APRESS 6 0.6303	 0.3931	 0.1130
 

APRESS, although with fewer number of model terms, 
possesses slightly better predicative capability. It should be 
noted that the prediction performances can be affected by 
the uncertainty caused by noises. Thus, it is normal that any 
of the models can achieve slightly better statistics of 
correlation, prediction efficiency and  error, as long as they 
includes the main components of the true model. However, 
it is also crucially important to achieve a parsimonious 
representation for complex nonlinear systems in many 
application situations, due to the fact that a model with less 
variables can largely reduce the work of data collection and 
benefit the process of understanding the systems. In 
general, all the three model selection criteria are capable for 
model selection for this example. It is possibly because that 
although the model term |y(t − 1)| is not in the candidate 
term set, it can be derived from the model term y(t − 1). 
Note that in consideration of model parsimony, APRESS is 
a better choice for nonlinear dynamic predictive model 
selection.  

D. A real world application: Dst index forecast 

The magnetosphere can be considered as a complex 
system. In order to understand the magnetosphere system, 
a Dst index is often used to measure the magnetic 
disturbances [32] [33]. In this study, the process of Dst is 
treated to be an unknown nonlinear system, where the 
system inputs are solar wind variables and the system 
output is the Dst index. The description of the inputs and 
output is given in Table II. All the variables were sampled 
every 1 hour. It should be noted that VBS is a multiplied 
input which was suggested to be included in the model 
inputs [34].  

TABLE II.  DST INDEX AND SOLAR WIND VARIABLES 

Name Description 
Dst Dst index Bs magnitude of the interplanetary magnetic field VBS V × Bs/1000 p solar wind pressure (flow pressure) [nPa] V solar wind speed/velocity (flow speed)  [km/s] 

 

The data of Jun 1998 was used to train the model and 
the data of Jul 1998 was used for model evaluation. Similar 
to the previous discussed simulation example, the 
orthogonal search algorithm was used to select model terms 
and estimate the model parameters, and the AIC, BIC and 
APRESS were used for model selection. The time lag of 
inputs was chosen to be 4 and the nonlinear degree was 2. 
Note that the model is input-alone model (Volterra model), 
meaning that no autoregressive model terms were included 
in the inputs. There were totally 16 candidate model terms 
and 50 candidate models were estimated. All the models are 



used to predict Dst index 1 hour ahead. The AIC, BIC and 
APRESS statistics with different model lengths are shown 
in Fig 2. 

 
Figure 2. AIC, BIC and APRESS statistics with different model 

lengths 

The number of model terms suggested by AIC, BIC and 
APRESS are 38, 9 and 7, respectively. The evaluation of 
the prediction performances of the three models are shown 
in Table III. 

TABLE III.  EVALUATION OF MODELS SELECTED BY AIC, BIC AND 
APRESS 

Model length r PE NRMSE Model_AIC 38	 0.5876	 0.2296	 0.1362Model_BIC 9	 0.7571	 0.5491	 0.1041Model_APRESS 7	 0.7521	 0.5405	 0.1052
 

It is clear that AIC fails to select the ‘best’ candidate 
model. The model with 38 terms performs poorly in 
forecasting Dst index 1 hour ahead. On the contrary, the 
models chosen by BIC and APRESS are quite similar and 
achieve very similar performances. Additionally, the model 
suggested by APRESS involves a relatively smaller 
number of model terms. Clearly, for this real data example, 
both BIC and APRESS are capable for the model selection 
task. If a parsimonious representation is required, the 
APRESS statistic is superior to the other two model 
selection criteria.   

III. EVALUATION OF MODEL AVERAGING 

PERFORMANCE FOR NONLINEAR DYNAMIC MODEL 

IDENTIFICATION 

This section first briefly introduces model averaging 
approaches based on the three model selection criteria and 
then produces averaged models for the simulation and real 
data examples in section II.   

A. Model averaging with AIC, BIC and APRESS 

The model averaging approach with AIC involves the 
computation of the delta AIC and the Akaike weights. The 
delta AIC and the Akaike weight are used to assess the 
strength of evidence for each candidate model. The delta 
AIC can be calculated as [6]:  ∆ = −                     (14) 

where AIC  is the AIC value for the i  candidate model, AIC  is the minimum AIC of all the M  candidate 
models, and i = 1, 2,… ,M. The Akaike weight indicates 
the probability that an individual candidate model is the 

best model. The Akaike weight for ith candidate mode is 
computed as [7]:  ω = 	( . ∆ )∑ 	 	( . ∆ )                     (15) 

where	ω  is the Akaike weight for the i  candidate model 
and  i = 1, 2, … ,M. Then, the averaged parameter estimate 
is calculated as follows:  β = ∑∑                                  (16) 

where β  is the estimate of parameter of the i  candidate 
model and R is the number of candidate models that the 
averaging inference is based on (R M). This approach is 
called ‘natural averaging’. However, there is some issue 
when the model selection uncertainty is large. Thus, the 
model averaging inference needs to be based on all the 
candidate models.  The above formula can simply be 
reduced to:  β = ∑ ω β                               (17) 

The second approach is referred to as ‘full model 
averaging’. Here, all the candidate models give their 
contributions to the averaged parameters according to their 
Akaike weights. Note, in contrast to the single ‘best’ model 
selected by the smallest AIC, the averaged model is often 
more robust to the peak values of frequency in the data. 
This is because a single model only uses a limit number of 
model terms suggested by model selection criterion, but 
does not consider the effect of other model terms. These 
model terms may not be significant for the most of the 
sample points, but can be crucially important for some 
extreme values. To produce averaged model based on BIC 
and APRESS weights, a simple approach is to use the full 
model averaging method. The AIC values can be replaced 
by BIC and APRESS, to calculate the BIC and APRESS 
weights of model parameters of all candidate models. The 
averaged parameters can then be computed using formula 
(17). This method is simple to implement. More 
importantly, it is easy to observe which of the three criteria 
gives the best averaged model. .  

B. The simulation data 

The time lags and nonlinear degree remain the same as 
in section II B. A total number of 15 candidate models were 
estimated using the orthogonal search algorithm. The 
averaged parameters were calculated based on all the 15 
candidate models using formula (17). Note that all the three 
averaged models were calculated from the same 15 
candidate models. The only difference is that the averaged 
parameter was computed using different weights based on 
AIC, BIC and APRESS, respectively.  

A comparison of the performances of the three averaged 
models is shown in Table IV. In the table, the averaged 
models computed based of AIC weights, BIC weights and 
APRESS weights are represented 
by Averaged	Model , 	Averaged	Model  and Averaged	Model , respectively.  

Comparing Table I and Table IV, it can be observed that 
performance of the three single models and the associated 
averaged models are similar. The averaged models of AIC 



and BIC are slightly better than the associated single 
models but the averaged model of APRESS is not as good 
as the single model. The reason is that the single model 

TABLE IV.  EVALUATION OF AVERAGED MODELS BY AIC, BIC AND 
APRESS  

Model   NRSME Averaged	Model  0.6122 0.3735 0.1149 Averaged	Model  0.6066 0.3668 0.1159 Averaged	Model  0.6136 0.3668 0.1149 
 

selected by APRESS has better performance than the 
models selected by AIC and BIC. But the averaged models 
use information of all the candidate models. In the process 
of computing the averaged model based on APRESS 
weights, the information of a few more candidate models 
were considered and the performances of these models are 
worse than the single model selected by APRESS, thus the 
performance of averaged model is decreased. On the 
contrary, the ‘better’ single model (single model selected 
by APRESS) was included in the process of computing 
averaged models based on AIC and BIC weights. As result 
of the parameter averaging, the performance of averaged 
models were improved.  

However, the averaged model of APRESS is still the 
best model among the three averaged models, due to the 
fact that the best single model has the largest weights in 
APRESS model averaging process. Based on the above 
discussion, it can be inferred that the model averaging 
method can improve the model robustness to avoid the risk 
that a single model suggested by a model selection method 
may not be a good choice to represents the data. Therefore, 
it is strongly suggested that model averaging methods are 
applied for nonlinear dynamic predictive modelling 
problems. 

C. A real world application: Dst index forecast 

For the Dst forecast problem, a total number of 50 
candidate models were estimated by the orthogonal search 
algorithm. The averaged parameters were calculated for the 
candidate models based on AIC, BIC and APRESS 
weights. The result of the three averaged models is shown 
in Table V.  

TABLE V.  EVALUATION OF AVERAGED MODELS BY AIC, BIC AND 
APRESS  

Model   NRSME Averaged	Model  0.5920 0.2386 0.1354 Averaged	Model  0.7546 0.5460 0.1046 Averaged	Model  0.7573 0.5460 0.1037 
 

It can be seen that the performances of the averaged 
models are also similar to the associated single models. 
Following the discussion above, it can be concluded that 
the model averaging approaches is consistent with the 
model selection results for these two examples. The 

performance of the averaged model is mainly affected by 
the ‘best’ single model chosen by AIC, BIC or APRESS, 
while the other candidate models make smaller contribution 
to the averaged model according to the relevant averaged 
models. When the model selection approaches fail to select 
the best model, the model averaging method can usually 
help to improve the model performance.  

IV. CONCLUSION 

This study investigates the model selection issues for 
system identification and dynamic predictive nonlinear 
modelling problems. Three model selection criteria (AIC, 
BIC and APRESS) were evaluated using a simulation 
example and a case study on real data. Comparing the 
performances of the models suggested by the three criteria, 
it can be concluded that BIC and APRESS work well for 
both the simulation and real data modelling problems. In 
consideration of the model parsimony, APRESS works 
better in reducing the number of model terms and can 
achieve a satisfied prediction performance. Another 
advantage of APRESS is that it is simple to compute 
directly in orthogonal search procedure. In conclusion, this 
study suggests using APRESS for model selection in 
nonlinear system identification, especially for real data 
based modelling problems when the true system model 
structure is unknown and therefore is not in the set of 
candidate models. In addition, a model averaging approach 
based on full averaging method is also advised for 
producing robust averaged models.  
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